Introduction
The problem of finding dense packings of infinite equal non-overlapping spheres in the Euclidean space R n is a classical mathematical problem ( [19, 16, 6, 29] ). Low-dimensional sphere packing problems seem to be understood better than the problems in higher dimensions. The 1, 2, 3, 4, 5, 6, 7, 8dimensional root lattices had been proved to be the unique densest lattice sphere packings in these dimensions (see [6] ). The Kepler conjecture about the 3-dimensional sphere packing problem was proved in [18] . Many known densest sphere packings are lattice packings or packings consisting of finitely many translates of lattices (see [6, 7, 23] ). Constructing lattices Manuscrit reçu le 7 septembre 2012, révisé le 11 février 2013. The work was supported by National Science Foundation of China Grants 11061130539 and 61021004.
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from error-correcting codes, algebraic number fields and algebraic varieties have been proposed by many authors and stimulated many further works ( [22, 23, 6, 10, 11, 25, 12, 13, 14, 3, 15, 28] ). Recently the Leech lattice, which was found in 1965 in [22] , has been proved to be the unique densest lattice packing of dimension 24 (see [4, 5] ). We refer to [6] , pages [19] [20] for Rogers and Kabatiansky-Levenshtein upper bounds of the densities of sphere packings; better upper bounds in low-dimensions are proved in the recent work [4] . From Voronoi's theory ( [26] ), there are algorithms to determine the densest lattice sphere packings in each dimension. However the computational task looks infeasible beyond dimension 9.
We refer to [24] for the known densest sphere packings in low dimensions; see also [1] . Our knowledge on high-dimensional sphere packings is quite different. In high dimensions n, in the range 80 ≤ n ≤ 4096, n = 2p − 2 where p is a prime number satisfying p ≡ 5 mod 6, or n = 2 t , where 7 ≤ t ≤ 12, the known densest sphere packings are the lattices from algebraic curves over function fields. These are the Mordell-Weil lattices which were discovered by N. Elkies and T. Shioda in 1990's (see [12, 13, 28] , and [6] , preface to the third edition, page xviii ). For example, the densest known 4096-dimensional sphere packing is a Mordell-Weil lattice with center density 2 11527 . For dimensions in the range 149 ≤ n = p − 1 ≤ 3001 (where p is a prime number, 149 ≤ n ≤ 3001 except p = 509, 513 and 521), many of the known n = (p − 1)-dimensional densest sphere packings are Craig's lattices and their recent refinement (see [10, 11, 15, 6] ). In the range 4100 ≤ n ≤ 12754608 or n ≤ 8 · 10 8 , the best known sphere packings are the lattices given by the Bos-Conway-Sloane construction ( [2] , [6] , page 17, Table 1 .3 and Chapter 8, Section 10).
In this paper we propose a generalization of Craig's lattices, which is a far-reaching extension of the Craig lattices described in [10, 11, 6] , section 6, Chapter 8. These lattices are polynomial lattices and can be constructed for all dimensions. This generalization of Craig's lattices leads to many lattice sphere packings of moderate dimensions which are denser than the random lattices from Minkowski-Hlawka theorem (see section 3). Our construction establishes a close relation between nice lattices and linear error-correcting codes. If there were some "good enough" linear binary codes (see [17] ), then our construction would lead to new lattices denser than the known densest Mordell-Weil lattices in many dimensions in the range 128 − 3272. In the range 3332 − 4096, it is easy to prove that some wanted codes in the above description exist. Thus we present some lattices which are denser than the Mordell-Weil lattices. New lattices denser than Shimada lattices of dimensions 84, 85 and 86 ( [24, 27] ) are constructed in section 3. New denser lattices of many high dimensions in the range 4098 − 8323 which are denser , and the center density is δ = ∆ Vn , where V n is the volume of the ball of radius 1 in R n . Let b 1 , ..., b m be m linearly independent vectors in the n-dimensional Euclidean space R n . The discrete point set
The volume of the lattice is Vol(L) = (det(L)) 1 2 . The minimum norm of the lattice is µ(L) = min{ x, x : x ∈ L}. Spheres with centers at these lattice vectors in L make a lattice sphere packing with packing radius ρ = 1 2 µ(L) and center density δ(L) = ρ n Vol(L) . The lattice L * = {y ∈ R m : y, x ∈ Z} is the dual lattice of L. A lattice is integral if the inner products between lattice vectors are integers. All lattices constructed in this paper are integral.
Let r be a prime power and F r be the finite field with r elements. A linear (non-linear) error-correcting code C ⊂ F n r is a k-dimensional subspace (or a subset of M vectors). For a codeword x ∈ C, wt(x) is the number of nonzero coordinates of x. The minimum Hamming weight (or distance) of a code C is d(C) = min x =y∈C {wt(x − y)}. A linear (resp. non-linear) code of length n, distance d and dimension k (resp. with M codewords) is denoted as an [n, k, d] (or an (n, M, d))-code . Given a binary [n, k, d]code C ⊂ F n 2 construction A ( [6, 23] ) leads to the lattice L(C) in R n defined as the set of all integral vectors x = (x 1 , ..., x n ) ∈ Z n satisfying x i ≡ c i mod 2, i = 1, ..., n, for some codeword c = (c 1 , ..., c n ) ∈ C. It is easy to check that ρ = 1 2 min{ √ d, 2} and Vol(L(C)) = 2 n−k . This gives a lattice sphere packing with center density δ = min{
Construction A leads to some of the densest known lattice packings in low dimensions (see [6] ). For a non-linear binary (n, M, d)-code, the same construction gives a non-lattice packing with center density M ·min{
. For example, the non-linear (10, 40, 4)-code gives us a non-lattice packing of dimension 10 with center density δ = 5 128 = 0.03906, which is the densest known 10dimensional sphere packing ( [6] ).
A generalization of the Craig lattices
Let ζ be a primitive p-th root of unity, where p is an odd prime. The ring of integers in Q[ζ] is Z[ζ] ( [10, 11] ). The (p − 1)-dimensional Craig lattice A (i) p−1 introduced in [10] is the ideal in the ring Z[ζ] (a free Z module) generated by (1−ζ) i , where i is a positive integer. A cyclotomic construction of the Leech lattice was given by Craig in [11] . In [15] a refinement of Craig lattices was proposed by adding some fractional numbers. The center densities of the refined Craig lattices are at least three times that of the original Craig lattices. These provided some new records; see [15] .
Another kind of Craig lattices was given in [6] , Section 6 of Chapter 8, namely lattices A
When n + 1 = p is an odd prime and m < p 2 , they have minimum norm µ(A (m) n ) ≥ 2m; see Theorem 7, page 223 of [6] . These are the original lattices introduced by Craig in [10] .
Our generalization of the Craig lattices are the Z-sub-modules of the Z-modules R = Z 1, x, ..., x n spanned by 1, x, x 2 , ..., x n .
Given positive integers n, m, such that m < n 2 and ≥ n + 1, consider the sub-module A
is a sub-lattice of Z n+1 . Equivalently we take the basis {1, x, ..., x n } as an orthogonal basis for the Z-module R and the Z sub-module described above is our generalized Craig lattice. For any polynomial f (x) = a 0 + a 1 x + · · · + a n x n ∈ R with integral coefficients satisfying f (1) = 0, f (x) is a linear combination of (x−1), ..., (x−1) n with integral coefficients. If has no prime factor smaller than m, a polynomial f (x) = a n x n + · · · + a 1 x + a 0 with integral coefficients is in the lattice A (m, ) n if and only if f (1) = 0 and f (i) (1) ≡ 0 mod for i = 1, ..., m − 1.
Theorem 2.1.
(1) When n + 1 is a prime or m = 1, A (m,n+1) n is just the original Craig lattice;
(2) Given positive integers n, m, satisfying m < n 2 and ≥ n + 1, A (m, ) n is a lattice of rank n and volume m−1 (n + 1)
We now prove that the lattice A (m, ) n is a cyclic lattice when = n + 1 is a prime number. It is clear that (x − 1) j x = (x − 1) j+1 + (x − 1) j lies in A (m, ) n for m ≤ j ≤ n − 1 and that so is (x − 1) r jx = (x − 1) j+1 + (x − 1) j for any j satisfying 1 ≤ j ≤ m − 1. We only need to check that the element Generalization of Craig lattices
when n + 1 is a prime. Then the lattice A (m,n+1) n contains the Craig lattice A (m) n as a sub-lattice, and has the same index in A (1) n . This proves (1).
2) It is obvious that A (m, ) n is a sub-lattice of the n-dimensional Craig lattice A (1) 
n . Thus it has dimension n and volume m−1 Vol(A 
Since is a prime number, from the Newton's identities over the finite field Z/ Z, the elementary symmetric functions of S and T of degree < m must be the same. Thus S = T and f (x) = 0 since ≥ n + 1.
The following result can be compared with the construction of the Craiglike lattices in [3] . Our lattices are obviously denser, since in their construction the prime number q is required to be the smallest prime q satisfying q ≡ 1 mod n. When (> n) is a prime number, the generalized Craig lattice A . For suitable m we have 1 n log 2 ∆ n ≥ − 1 2 log 2 log 2 n + o(1).
Proof. By the Bertrand postulate there exists for any positive integer n a prime number between n and 2n . Set m to be the nearest integer to n 2logen as in the page 224 of [6] . We consider the generalized Craig lattice A (m, ) n . A direct calculation gives us the result.
Let be an odd number. We define a mapping π : A
by π(a 0 + a 1 x + · · · + a n x n ) ≡ (a 0 , ..., a n ) mod 2. This is an injective Zlinear map.
also is ( is odd). Clearly the image of π is a linear binary [n + 1, n, 2]-code. Proof. We may apply Theorem 2.3 to the extended code of the [n, k, 8m]code by adding a parity check digit.
In dimension n = 160, since n + 1 = 161 = 23 · 7 is not a prime, there exists no convenient Craig lattice. However the generalized Craig lattice A (16, 163) Proof. It is known that the Craig lattice A (m) n , where m is nearest integer to n 2loge(n+1) , is the densest Craig lattice in the dimension n = p − 1, p a prime. Since n ≥ 1222, we have In [15] the Craig lattices are refined to new lattices with center densities at most 6δ(A (m) n ) in the range 1298 ≤ n ≤ 3482. Thus the lattices above are denser than those in [15] . Some of them are even denser than any previously known lattice.
Some new dense lattices
The 68-dimensional extremal unimodular lattices (of minimum norm 6) have center density ( Note that many constructions of dense lattices are valid only in even dimensions. Our constructions in Theorems 2.2 and 2.4 can be used in all dimension and the center density of our lattices depends "continuously" on the dimension. This allows us to obtain high densities in some odd dimensions.
In Table 3 .1 below we list some new denser lattices from Theorem 2.4.
Some possible new dense lattices
In this short section we briefly describe some putative lattices which might exist, depending on the existence of some convenient codes. ) larger than that of any (2p − 2)-dimensional Mordell-Weil lattice. .
It can be checked that (2p + t) < 2 1.001 p. The conclusion follows from the existence of a [2p − 2, [0.3776(p − 1)], p−1 2 ]-code proved in Lemma 5.1. We also have the following result for the high-dimensional lattices in the range 4104 − 8640. Proof. We consider the generalized Craig lattice A ([ 3n 4 ], ) 24n
, where is smallest prime number bigger than or equal to 24n + 1. From the Gilbert-Varshamov bound, there exists a linear binary [24n, [4.5312n] , 6n]-code.
Then we can construct a lattice with center density 2 [ .
The conclusion follows from a direct calculation.
Some new denser lattices constructed in this section are listed in Table 5 .1 below. 
